Abstract We consider signals of photon-photon scattering in laser-based, low energy experiments. In particular, we consider the ellipticity induced on a probe beam by a strong background field, and compare it with a recent worldline expression for the photon polarisation flip amplitude. When the probe and the background are plane waves, the ellipticity is equal to the flip amplitude. Here we investigate the ellipticity-amplitude relation for more physical fields.
Here we will complement [4; 5] by deriving the ellipticity in the low energy regime. Under certain conditions, the ellipticity is equal to the flip amplitude found in [5] , thus generalising the ellipticityamplitude relation in [4] . These proceedings are organised as follows. In Sect. 2 we will review the derivation of vacuum birefringence in plane waves using lightfront quantisation [4] . We will see that, in the low energy regime, the polarisation flip amplitude and the ellipticity are given by a single lightfront time integral, which can be interpreted as an integral over a photon worldline. In this line-integral form the result can be generalised by simply replacing the plane wave background with an arbitrary field. In Sect. 3 the ellipticity is derived and the conditions under which it is equal to the flip amplitude are investigated. Sect. 4 gives an alternative derivation of the flip amplitude, which is closer to the ellipticity derivation.
Birefringence in lightfront quantisation
In this section we will review the lightfront method to obtain birefringence [4] and the worldline integral expression. For reviews of lightfront quantisation see [15; 16] . Lightfront coordinates are defined by x ± = 2x ∓ = x 0 ± x 3 and x ⊥ = {x 1 , x 2 }. In this section the background f is a pulsed plane wave and we choose coordinates so that it depends on lightfront time
+ , a ± = 0 and a ⊥ (±∞) = 0. As noted in [11] lightfront quantisation combined with the Furry picture is particularly convenient when dealing with plane waves. In the Furry picture the gauge field A µ has the same form as in the interaction picture, while the fermion field Ψ is written in terms of Volkov solutions ψ as
where dp is the on-shell Lorentz-invariant measure and the modes satisfy the usual anti-commutation relations. The probe is represented by a coherent state | P describing a monochromatic plane wave with wave vector l µ and linear polarisation ǫ µ . The change in polarisation, caused by the interaction with the background, is found by evolving | P in x + using the lightfront Hamiltonian P + , and calculating the expectation value of the field operator. P + has two terms that are quadratic in e, but here only the first order term contributes,
The expectation values are calculated to O(α) by first commuting away all mode operators. One finds that one can perform all integrals except for those over lightfront time [4] . Defining the single photon amplitude by
where S is the time evolution operator, we find that the probe electric field in the final state, projected onto some vector ǫ ′ , can be written
where P 0 is a constant and the initial field is obtained for T → 0. The exact expression for T can be found in [4] . Here we will only study the low energy limit kl/m 2 ≪ 1, where there is no electron-positron pair creation and, as a consequence, T is real. The induced ellipticity is in general accompanied by a rotation of the major axis, see e.g. [17] . To lowest order, however, the ellipticity δ is simply given by the amplitude of ǫ ′ E divided by the amplitude of ǫ E , with ǫ ′ ǫ = 0, so δ = T ǫ ′ ǫ . Hence, the ellipticity induced on the probe field is given by the amplitude for a single (probe) photon to flip polarisation. The amplitude T is in this regime given by a single lightfront time integral
where only the second term in each expression remains if ǫ ′ ǫ = 0. The coefficients in (5) allow us to deduce the low energy effective action [4] ; it is of course the Euler-Heisenberg action. The last form of (5) can be rewritten as an integral over the worldline of a probe photon x µ l = x µ 0 +l µ nx/nl, by changing variable from kx to another, arbitrary lighfront time nx [5] . This allows us to generalise (5) by replacing the plane wave with an arbitrary background. In [5] it is shown that, under certain conditions, this simple procedure actually gives the correct amplitude. In the next section we will investigate when it also leads to the correct ellipticity.
Ellipticity
We have just seen that, in the plane wave case, the ellipticity δ induced on the probe is given by the amplitude for a single probe photon to flip polarisation, which in turn can be written as an integral over the photon worldline. In this section we will show, without worrying to much about details, that, under certain conditions on the probe, the ellipticity induced by a general low energy background is again equal to the flip amplitude [5] and to the wordline integral. As in [4] we obtain δ from the expectation value of the electric field operator. However, this time we consider the low energy limit from the start, using the Euler-Heisenberg [18; 19] effective action, which can be written without the dual tensor as [20] 
In this section both the probe P and the background f are described by a coherent state | P, f . In the previous section the background was a plane wave and we chose coordinates so that it depended on x + . In this section, instead, f is a general low energy background and we choose coordinates to make the expressions for the probe simple 1 . The probe field we have in mind is accurately described by a Gaussian beam (an approximate solution to Maxwell's equation) with focal spot radius w 0 , pulse length 1/∆ω, wavevector l µ = ω(1, 0, 0, −1), and Rayleigh range z 0 = ωw 2 0 /2. The field of the probe can be written P µν = l [µ ǫ ν] P (x), where the pulse shape is given by
with ζ(z) = 1/(1 + iz/z 0 ). This is called the pulsed paraxial beam and the limit ∆ω → 0 is the paraxial beam [21; 22] . The terms neglected are small when ∆ω/ω ≪ 1 and w 0 /z 0 ≪ 1, which describe a field with a wavelength λ = 2π/ω much shorter than the (focal) size, λ ≪ w 0 ≪ z 0 and λ ≪ 1/∆ω. Indeed, at HIBEF [8] , for example, the width w 0 and length 1/∆ω are measured in µm, z 0 ∼mm and ω ∼ 10keV, corresponding to a wavelength several orders of magnitude smaller than the size of the probe. The expectation value of the total electric field is given by
where S(t) is the time evolution operator, and F µν is the electromagnetic field operator. Since | P, f is coherent it can be transformed into a classical field by replacing | P, f with the vacuum | 0 and shifting the field operator (which is implicitly included in S) F µν (x) → F µν (x)+P µν (x)+f µν (x), where P and f are classical fields (this property of coherent states is described in [23] ). Then F = P +f +δF , where birefringence effects are contained in the last term, which to lowest order in α is given by
Note that up to this point the probe and the background are treated on equal footing. Under the assumption that the probe is weak compared to the background, we expand L[F + P + f ] and keep the terms which are linear in F and P and quadratic in f . We then find
where G ret is the retarded Greens function and {∂ µ ∂ α g νβ P f 2 } is shorthand for the terms in L[∂ µ ∂ α g νβ + P + f ] which are quadratic in f and linear in P and ∂ µ ∂ α g νβ (the derivatives act on P f 2 ). We note in passing that (10) can also be obtained by solving the modified Maxwell's equation that follows from varying the effective action S EH . The latter approach to birefringence has been used in [17; 24; 25] .
Assuming that, apart from the electron mass, the frequency of the probe is the largest scale (cf. assumptions made in deriving the amplitude in [5] ), then ∂ µ ∂ α → −l µ l α . This is certainly true at HIBEF [8] , where the background will have an optical frequency ∼ 1eV and a size measured in µm, and with probe parameters as above. Since we are interested in measuring the ellipticity of the probe a long time after interaction, and since the probe is centred at {x − , x ⊥ } = 0, we will evaluate the expectation value at x + ∼ 2t → ∞ and {x − , x ⊥ } ∼ 0. In this region the Greens function simplifies
and allows us to perform the y − integral. Since the wavelength of the probe is small we can let x − be small and still see many oscillations. In particular, we let x − be small enough that we can neglect it in ζ(y) and f 2 . Then the expectation value becomes
where ζ = 1/(1+iy
. Notice the probe spreads out 3 when x + → ∞; the field goes like 1/x + , and x ⊥ has dropped out to lowest order in 1/x + . In [17] a similar expression was found for a different experimental setup.
(12) is analogous to (4). In fact, performing the traces leads to
which is exactly the same vector structure as in (5). If we further assume that the probe is sufficiently narrow compared to the background, then we can neglect y ⊥ in f , perform the Gaussian y ⊥ integral and end up with a real integral over y + , which, as we will see in the next section, is again equal to the ǫ → ǫ ′ amplitude T ǫ ′ ǫ . In other words, the factor in the round brackets of (12) becomes −ǫ ′ ǫ + iT ǫ ′ ǫ . The polarisation of the probe is again elliptical and to lowest order the ellipticity δ is equal to the ratio of the amplitudes of ǫ ′ E and ǫE , with ǫ ′ ǫ = 0. All x dependences, including 1/x + , cancel in the ratio, and in terms of the worldline of the probe centre y µ = l µ ny/nl, with ny = y + , we find
which is exactly what one finds by extrapolating the plane wave result. The fact that we are left with an integral over lightfront time means that the probe travels in a straight line without reflection, and effectively sees a plane wave background. The ellipticity is thus identical to the worldline expression for the polarisation flip amplitude found in [5] , which we will discuss further in the next section.
In upcoming experiments the probe might not be sufficiently narrow to allow us to completely neglect corrections. However, we can still find a relatively simple expression for δ if we assume that the background effectively restricts the y + integral to scales small compared to the Rayleigh range z 0 of the probe 4 , in which case ζ ≈ 1 in (12) . Two E-field components are again out of phase and the ellipticity is given by
where the wordline (parameterised by φ) is given by
. (15) takes into account the width of the probe by averaging the worldline amplitude over the transverse distribution of photons in the beam, and in the limit w 0 → 0, it reduces to the worldline integral (14) .
Probability of polarisation-flip
The derivation of the amplitude in [5] was based in momentum space. This section gives an alternative derivation that facilitates comparison with the above derivation of the induced ellipticity and the expectation value of the number of flipped photons. Since we are still interested in the low energy weak field regime, we continue to work with the Euler-Heisenberg effective action (6) . Consider a probe photon, which initially has momentum l µ and polarisation vector ǫ µ (l). After passing through a background f there is a probability that it has flipped polarisation ǫ → ǫ ′ , with ǫ ′ ǫ = 0. In the parameter regime that we are interested in here, the photon momentum is approximately conserved, so we will be unable to see effects such as photon reflection [26] . The photon is described by the initial state | in = dp ψǫ
where ψ(p) is a wavepacket peaked around l µ . The probability for polarisation flip is obtained using the Euler-Heisenberg action, leading to
where
We immediately recognise the vector structure in (17) from the previous section, with ψ µν instead of the probe field P µν . ψ µν resembles an EM field, but it need not be real and a single-photon state has zero expectation value of the EM field. Nevertheless, it solves Maxwell's equation ∂ µ ψ µν = 0 and enters expectation values of quadratic observables in a way similar to an EM field, e.g. the energy momentum tensorψ (µτ ψ τ ν) + ... It might help to imagine ψ having a shape similar to (7). If the photon is localised, with respect to the background, in x ⊥ as well as in x − (which would correspond to small w 0 and 1/∆ω), so that
is centred around l with a width that is small compared to the characteristic energy of the photon, then using (13), we find
which is precisely the worldline integral in [5] and (14) . We note that to arrive at a worldline integral for δ (14) we only had to assume localisation in the transverse directions x ⊥ , while for the amplitude (20) we have also assumed localisation in the longitudinal direction x − . The reason is that for δ we have the freedom to choose x − , whereas the flip probability is obtained by integrating over x − . Actually, from an experimental point of view, it might be more natural to consider the number of flipped photons rather than the ellipticity. The former can be obtained from the expectation value of the photon number operator with methods similar to those used here, and is closely related to the flip probability with the wavepacket replaced by the probe field. This is something that we will investigate further in a sequel paper. 6 
Discussion and conclusion
We have complemented [4; 5] by providing an expression for the ellipticity δ induced on a probe passing through a general low energy background. Under certain conditions it reduces to the worldline integral expression for the polarisation flip amplitude T found in [5] . We have also presented a second derivation of T , which gives a slightly different perspective, being based in position space instead of momentum space. One of the assumptions leading to the wordline integral is that the probe should be narrow with respect to the background. Correction to this approximation for the ellipticity is given by (15) . It should be noted though, that in the interest of going further towards a more accurate description of upcoming experiments, one should instead of the ellipticity look at the expected number of flipped photons. As noted in the end of the last section, the expected number of flipped photons is closely related to the flip probability. This will be investigated elsewhere.
